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CARTAN’S THEOREM FOR SOME TOPOLOGICAL GENERALIZED
GROUPS
A. R. ARMAKAN*, M. R. FARHANGDOOST**, F. GORLIZKHATAMI***, AND T. NASIRZADEH****
Abstract. In this paper we show that topological subgroupoids of Lie groupoids, under special
circumstances are Lie subgroupoids. Giving an example, we indicate that having the same topo-
logical dimension is a necessary condition for topological subgroupoids to be Lie subgroupoids.
Also, we provide some conditions for double subgroupoids to become double Lie subgroupoids.
Moreover, we illustrate that having the same conditions as the Cartan’s theorem for Lie groups,
helps us prove the same theorem for generalized Lie groups.
1. Introduction
Lie groups provide a way to express the concept of a continuous family of symmetries for
geometric objects. There exist a correspondence between Lie groups as geometric object and Lie
algebras as linear objects. By differentiating the Lie group action, you get a Lie algebra action,
which is a linearization of the group action. As a linear object, a Lie algebra is often a lot easier to
work with than working directly with the corresponding Lie group. Whenever you study different
kinds of differential geometry (Riemannian, Kahler, symplectic, etc.), there is always a Lie group
and Lie algebra lurking around either explicitly or implicitly. It is possible to learn each particular
specific geometry and work with the specific Lie group and Lie algebra without learning anything
about the general theory. However, it can be extremely useful to know the general theory and find
common techniques that apply to different types of geometric structures. Moreover, the general
theory of Lie groups and algebras leads to a rich assortment of important explicit examples of
geometric objects. So importance of Lie groups leads to importance of its generalizations. In
this paper we deal with three different kinds of Lie groups generalizations, namely, Lie groupoids,
Double Lie groupoids and generalized Lie groups or top spaces.
The groupoid was introduced by H. Barant in 1926. C. Ehresmann used the concept of Lie
groupoid as an essential tool in topology and differential geometry around 1950.
Double Lie groupoid in double category was interestingly introduced by K. Mackenzie [3]. A
double Lie groupoid is essentially a groupoid object in the category of Lie groupoid. We can present
a double Lie groupoid as a square
V

oo
oo D

M oo oo H
where each edge is a groupoid and the various groupoid structures satisfy certain compatibility
conditions.
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Top spaces as a generalization of Lie groups was introduced by M. R. Molaei in 1998. In this
generalized field, several authors (Araujo, Molaei, Mehrabi, Oloomi, Tahmoresi, Ebrahimi, etc.)
have studied different aspects of generalized groups and top spaces [7, 8].
In section 2, introducing some basic definitions, we prove that every subgroupoid of a Lie
groupoid with the same dimention, is a Lie subgroupoid and show the analogous for double Lie
groupoids.
In section 3 we provide some useful tools to prove a theorem similar to Cartan’s in Lie groups
case i.e. we show that each closed generalized subgroup of a top space is a top subspace.
2. Generalized subgroups as Lie generalized subgroups
E. Cartan showed that every closed subgroup of a Lie group, is a Lie subgroup. In this section
we give some conditions under which every subgroupoid (double subgroupoid) of a Lie groupoid
(double Lie subgroupoid) is a Lie subgroupoid (double Lie subgroupoid). A groupoid is a category
in which every arrow is invertible. More precisely, a groupoid consists of two sets G and G0
called the set of morphism or arrows and the set of objects of groupoid respectively, together
with two maps α, β : G −→ G0 called source and target maps respectively, a map 10 : G0 −→
G, x 7−→ x0 called the object map, an inverse map i : G −→ G0, a 7−→ a
−1 and a composition
G2 = G α ×β G −→ G, (b, a) 7−→ boa defined on the pullback set
G α ×β G = {(b, a) ∈ G×G|α(b) = β(a)}.
These maps should satisfy the following conditions:
i. α(boa) = α(a) and β(boa) = β(b) for all (boa) ∈ G2;
ii. co(boa) = (cob)oa such that α(b) = β(a) and α(c) = β(b), for all
a, b, c ∈ G;
iii. α(1x) = β(1x) = x, for all x ∈ G0;
iv. ao1α(a) = a and 1β(a)oa = a, for all a ∈ G;
v. α(a−1) = β(a) and β(a−1) = α(a), for all a ∈ G. [3]
Let (G,G0) be a groupoid, M be a manifold and w :M −→ G0 be a submersion. An action of
G on M via w is a smooth map ϕ : G α ×w M −→M, (a, x) 7−→ a.x, satisfying the conditions:
i. w(a.x) = β(a);
ii. b.(a.x) = (boa).x;
iii. 1w(X).x = x. [2]
Definition 2.1. A groupoid (H,H0) with (i, i0) is called subgroupoid of (G,G0), if
i : H −→ G, i0 : H0 −→ G0,
are injective and (i, i0) is a morphism of groupoids.
Here is an example of definition 2.1.
Example 2.2. Let G be a groupoid acting on M . For each m ∈M , the set
H(m) = {a ∈ G|a.m = m},
is a subgroupoid of G, which is called the stabilizer of m in G. Let G
′
= H(m) and
G
′
0 = α(G
′
)
⋂
β(G
′
),
we show that (G′, G′0) is the subgroupoid of (G,G0). See that α(G
′
) ⊂ G
′
0, β(G
′
) ⊂ G
′
0 and
aob ∈ G
′
, for all a, b ∈ G
′
. Let g ∈ 1G′
0
, then g = 1x, for some x ∈ G
′
0. Therefore, x ∈ β(G
′
). In
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other words there exists g
′
∈ G
′
such that x = β(g
′
). Therefore g
′
.m = m and we have
g.m = 1x.m = 1β(g′).m = 1w(g′ .m).m = 1w(m).m = m.
Let a ∈ G
′
, then
a−1.m = a−1.(a.m) = 1α(a).m = 1w(m).m = m.
Hence (G′, G′0) with the restriction of source and target maps of (G,G0) is a groupoid, i and i0 are
injective and (i, i0) is a morphism of groupoids.
Now we recall the Lie groupoids and morphism of groupoids. A groupoid (G,G0) is called Lie
groupoid if G and G0 are manifolds, α and β are surjective submersions and the composition is a
smooth map. For example, any manifold M may be regarded as a Lie groupoid on itself with
α = β = idM ,
and every element a unity. [3]
Let (G,G0) and (G
′
, G
′
0) be groupoids. A morphism G → G
′ is a pair of maps F : G → G′,
f : G0 → G
′
0 such that α
′oF = foα, β′oF = foβ and F (hg) = F (h)F (g). Let (G,G0) and (G
′
, G
′
0)
be Lie groupoids, then (F, f) is a morphism of Lie groupoids if F and f are smooth. [4]
Example 2.3. For any groupoid (G,G0), the map
χ = (β, α) : G→ G0 ×G0, g 7→ (β(g), α(g)),
is a morphism from G to G0 ×G0.
Definition 2.4. [3] Let (G,G0) be a Lie groupoid. A Lie subgroupoid of (G,G0) is a Lie groupoid
(H,H0) together with injective immersions i : H → G and i0 : H0 → G0 such that (i, i0) is a
morphism of Lie groupoid.
If (i, i0) is a morphism of Lie groupoids and i is an injective immersion, then i0 is an injective
immersion too.
Definition 2.5. [9] Let G be a manifold. A Lie algebroid on G is a vector bundle (E, p,G)
together with a vector bundle map σ : E −→ TG called the anchor of E, and a bracket [., .] on
sections of E, i.e. Γ(E), which is R-bilinear and alternating, satisfying the Jacobi identity, and is
such that
[X, fY ] = σ(X).fY + f [X,Y ],
σ([X,Y ]) = [σ(X), σ(Y )],
where X,Y ∈ Γ(E), f ∈ c∞(M).
Let (G,G0) be a groupoid with the object map 10 : G0 → G and let
TαG := ker(Tα),
where Tα be the bundle map introduced by α : G→ G0, i.e.
Tα : TG −→ TG0.
The pullback bundle AG := 1∗0(T
αG0) is a Lie algebroid of the Lie groupoid (G,G0). We have
AG = ∪x∈G0T1x(Gx), where Gx = α
−1(x).
Now we recall the topological dimension. A collection A of subsets of the space X is said to
have order m+1 if some point of X lies in m+1 elements of A and no point of X lies in more than
m+ 1 elements of A. We recall that given a collection A of subsets of X , a collection B is said to
refine A, or to be a refinement of A, if each element β of B is contained in at least one element of
A. A space X is said to be finite dimensional if there is some integer m such that for every open
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covering A of X , there is an open covering B of X that refines A and has order at most m + 1.
The topological dimension of X is defined to be the smallest value of m for which this statement
holds. The topological dimension of any m-manifold is at most m. [9]
In the following theorem we present an important fact about Lie subgroupoids.
Theorem 2.6. Let (H,H0) with (i, i0) be a subgroupoid of a Lie groupoid (G,G0) which satisfies
the following conditions. H0 is a submanifold of G0 and i0 is a submersion map, i is injective
and the topological dimension of i(H) and the dimension of G are equal. Then (H,H0) is a Lie
subgroupoid.
Proof. Step 1.
We show that i(H) is a submanifold of G: Suppose E be a algebroid of (G,G0), since E is a
vector bundle over G, there is a smooth, surjective and locally trivial map P : E −→ G, i.e. for
every x ∈ i(H) there exists a neighborhood U ⊂ G of x and a fiber-preserving diffeomorphism
ϕ : P−1(U) −→ U ×Rk.
Therefore ϕmaps P−1(i(H)∩U) to (i(H)∩U)×Rk . The restriction of ϕ−1 to U is a diffeomorphism
onto ϕ−1|U (U). Suppose ψ :W → R
n is a chart of E such that P−1(x) ⊂W . Let
V = ϕ(W ∩ ϕ−1|U (U)) ∩ i(H),
then ψoϕ−1|V is a chart for i(H). Since the topological dimension of H and the dimension of G
are equal and the topological dimention is topological invariant [10], these charts are C∞-related.
Step 2.
One can see that H is a manifold. We define U ⊂ H to be open if i(U) is open in G. For every
h ∈ H there exists x ∈ i(H) such that h = i−1(x). Suppose η is a chart for x, then ηoi is a chart
for h.
Step 3.
The groupoid (H,H0) with (i, i0) is a Lie subgroupoid of (G,G0); the map i : H → i(H) is
a diffeomorphism and so is an immersion. Thus (i, i0) is a morphism of Lie groupoids. We have
αGoi = i0oαH and βGoi = i0oβH , so αH and βH are submersions. Therefore (H,H0) is a Lie
subgroupoid of (G,G0) 
Note that if the topological dimensions of G and i(H) are not the same, the result of the previous
theorem is not true.
Example 2.7. Consider the groupoids (R2, R) and (H,R), where
H = {(x, y) ∈ R2|x2 = y2}.
H is a subgroupoid of (R2, R) but H doesn’t have the structure of a manifold.
A double groupoid (D,V,H,M) is a higher-dimensional groupoid involving a relationship for
both horizontal and vertical groupoid structures. In following we will define double Lie groupoids
in detail.
Definition 2.8. [5] Let αH , βH : D → H and αV , βV : D → V denote source and target maps,
respectively and we use α, β to denote source and target maps from H or V to T , the square
V

oo
oo D

M oo oo H
is a double Lie groupoid if the following conditions hold:
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i. The horizontal and vertical source and target maps commute;
αoαH = αoαV βoαH = αoβV
βoβH = βoβV αoβH = βoαV
ii. αV (s1.Hs2) = (αV s1).(αHs2), αH(s1.V s3) = (αHs1).(αHs3) and similar equations hold for
βH , βV ;
iii. αV (si1) = βV (si2) and αH(s1i) = βH(s2i), for i = 1, 2, ...;
iv. The double source map (αV , αH) : D → Vs×sH is a submersion.
Definition 2.9. Let (D,V,H,M) be a double groupoid. A double subgroupoid is a double
groupoid (D1, V1, H1,M1) such that groupoids (D1, H1), (D1, V1), (V1,M1) and (H1,M1) are sub-
groupoids of (D,H), (D,V ), (V,M) and (H,M), respectively.
Let (D,V,H,M) be a double Lie groupoid. A double Lie subgroupoid is a double Lie groupoid
(D1, V1, H1,M1) together with maps (j, j0, i, i0) such that Lie groupoids (D1, H1), (D1, V1), (V1,M1)
and (H1,M1) are Lie subgroupoids of (D,H), (D,V ), (V,M) and (H,M), with maps (j, i), (j, j0),
(j0, i0) and (i, i0), respectively.
The next theorem is a generalization of theorem 2.6 for double Lie groupoids.
Theorem 2.10. Let (D1, V1, H1,M1) with (j, j0, i, i0) be a double subgroupoid of (D,V,H,M). If
dimH1 = dimH, dimD1 = dimD and dimV1 = dimV and j0 and i0 are injective and immersion
maps, Then (D1, V1, H1,M1) is a double Lie subgroupoid.
D1 //
//

✧✧
✧
✜✜
✜
V1
 
D

j
✎✎✎✎✎✎✎✎
//
//
 
V

j0
✎✎✎✎✎✎✎✎
 
H1 00❜❜❜
..❭❭❭
M1
H

i
✎✎✎✎✎✎✎✎
//
// M

i0
✎✎✎✎✎✎✎✎
Proof. We suppose (D,V,H,M) is a double Lie groupoid and (D1, V1, H1,M1) is a double sub-
groupoid. We show that (D1, V1, H1,M1) has structure of double Lie groupoid.
Using the proof of theorem 2.6 for both vertical sides and both horizontal sides of double Lie
groupiod (D,V,H,M), we get (D1, H1), (D1, V1), (V1,M1) and (H1,M1) are Lie subgroupoid of
(D,H), (D,V ), (V,M) and (H,M), respectively. Then by definition 2.9, (D1, V1, H1,M1) is a
double Lie subgroupoid. 
3. Cartan’s theorem for generalized Lie groups
Another generalization of Lie groups is called generalized Lie groups or top spaces which arises
from the definition of a generalized group. In this section we prove a theorem analogous to Cartan’s
theorem in Lie groups case.
Definition 3.1. [7] A generalized group is a non-empty set G admitting an operation called
multiplication which satisfies the following conditions:
i. (g1.g2).g3 = g1.(g2.g3), for all g1, g2, g3 ∈ G.
6 A. R. ARMAKAN, M. R. FARHANGDOOST, F. GORLIZKHATAMI, AND T. NASIRZADEH
ii. For each g ∈ G there exists a unique e(g) in G such that
g.e(g) = e(g).g = g.
iii. For each g ∈ G there exists h ∈ G such that g.h = h.g = e(g).
In this paper by e(G) we mean
{e(g) : g ∈ G}.
For any generalized group G, and any g ∈ G,
e−1(e(g)) = {h ∈ G|e(h) = e(g)},
has a canonical group structure. If e(g)e(h) = e(gh) for all g, h ∈ G then e(G) is an idempotent
semigroup with this product.
A top space is a smooth manifold which its points can be (smoothly) multiplied together by a
generalized group operation and generally its identity is a semigroup morphism, i.e.
Definition 3.2. [1] A top space T is a Hausdorff d-dimensional differentiable manifold which is
endowed with a generalized group structure such that the generalized group operations:
i. . : T × T → T by (t1, t2) 7→ t1.t2 which is called the multiplication map;
ii. −1 : T → T by t 7→ t−1 which is called the inverse map;
are differentiable and it holds
iii. e(t1.t2) = e(t1).e(t2), for all t1, t2 ∈ T .
Throughout this paper by Ta we mean T ∩ e
−1(e(a)).
Definition 3.3. [1] If T and S are two top spaces, then a homomorphism f : T → S is called a
morphism if it is also a C∞ map. If f is a morphism, by fa we mean f |e−1(e(a)).
For a smooth manifoldM , the set of all smooth functions fromM toM such that their restriction
to a submanifold ofM is a diffeomorphism i.e. partial diffeomorphisms ofM is denoted by DP (M).
If T is a top space, we call an immersed submanifold S of T a top subspace, if it is a top space.
Before we continue, we have to recall some tools. The following definitions, examples and theorems
up to theorem 3.9 is from [6].
Definition 3.4. An action of a top space T on a smooth manifold M is a map
φ : T → DP (M),
which satisfies the following conditions:
i. For every i ∈ e(T ) the map e−1(i) ×M → M which maps (t,m) to φt(m) is a smooth
function;
ii. φts = φt ◦ φs, for all t, s ∈ T .
Now by using the following theorem, we give an example of the definition above.
Theorem 3.5. Let T be a generalized group such that e(t)e(s) = e(ts), for any t, s ∈ T . Then
there is a generalized group isomorphism between T and
e(T )⋉ {Gi}i∈e(T ),
where Gi = e
−1(i), for all i ∈ e(T ) and
e(T )⋉ {Gi}i∈e(T ) = {(i, g)|g ∈ Gi},
by the production rule
(i1, g1)⋉ (i2, g2) = (i1i2, g1g2), i1, i2 ∈ e(T ), g1 ∈ Gi1 , g2 ∈ Gi2 .
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Example 3.6. For a top space T , Ad : T → DP (T ), where Adt(s) = tst
−1 is an action of
top spaces on manifolds which is called adjoint action. Observe that adt : e
−1(t) → e−1(t) is a
diffeomorphism.
Definition 3.7. If G is a Lie group and M , a smooth manifold, a partial action of G on M is a
map
ϕ : G→ DP (M),
such that the map G×M →M is a smooth function and ϕgh = ϕg ◦ ϕh, for all g, h ∈ G.
Theorem 3.8. Let T be a top space. Then φ is an action of T on M if and only if there exists a
family of partial actions {ϕi}i∈e(T ) of e
−1(i) on M , for any i ∈ e(T ), such that ϕts
e(ts) = ϕ
t
e(t)◦ϕ
s
e(s)
and φt = ϕ
t
e(t), for all t, s ∈ T .
Theorem 3.9. Let T be a top space and Tie
−1(i) the tangent space of e−1(i) at i ∈ e(T ). Then
the vector space of all partial left invariant vector fields on T is isomorphic to
⊕
i∈e(T )
Tie
−1(i).
In order to reach our aim, we must show that there exists a map from Lie algebra of a top
space to the top space itself, which acts like the exponential map in Lie group case. Consider the
exponential map for Lie groups denoted by exp.
Lemma 3.10. Let T be a top space. Then expa is a local diffeomorphism for every a ∈ e(T ).
Proof. The action α of a top space on a manifold is a partial diffeomorphism for each t ∈ T . So
αa is a diffeomorphism for every a ∈ e(T ). So the expa = γαa(1) is a local diffeomorphism. 
Now we are ready to prove the following important theorem.
Theorem 3.11. Each closed generalized subgroup of a top space is a top subspace.
Proof. Let T be a top space and S, a closed generalized subgroup of it. We know that Ta is a
Lie group for every a ∈ e(T ). So Sa is a closed subgroup, since a Lie subgroup of Ta, for every
a ∈ e(S). Denote by t, the Lie algebras of T . Note that by theorem 3.9 the vector space of all
partial left invariant vector fields on t is isomorphic to
⊕
a∈e(t) ta, where ta is the Lie algebra of
Ta. Now consider the set
s = {X ∈ t|exp(tX) ∈ S, ∀t ∈ R},
where the exponential map exp =
⊕
a∈e(T ) expa is a local diffeomorphism. Obviously s is a linear
subspace of t since every sa is a linear subspace of ta, for all a in e(S). Open sets of s are unions of
open sets on each sa. We found a local diffeomorphism between s and S; therefore, by use of the
left transitions we can find an open neighbourhood in s, for all open sets of S. Thus, we can find
a smooth chart for each open set of S since s is a linear space. Hence, S is a smooth embedded
submanifold which inherits the subspace topology.

The question remains to be asked is under which conditions different from the ones given in this
paper, we can deduce the same results.
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